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Equilibrium and stability properties of self-organized electron spiral toroids
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A cold-fluid model for a self-organized electron spiral tor@iST) is presented. In the present
model, the electrons are assumed to undergo energetic spiral motion along a hollow torus with a
fixed ion background, the electron mean free path is assumed to be long compared with the torus
size, and the minor radius of the EST is assumed to be small compared with the major radius. Using
this model, the equilibrium and stability properties of the electron flow in the self-organized EST are
analyzed. It is found that a class of self-organized EST equilibria exists with or without an externally
applied toroidal magnetic field. It is shown that in the absence of any applied toroidal magnetic field,
the EST equilibria are stable at high electron denstties, at high toroidal self-magnetic fields
although they are unstable at low electron densities, at low toroidal self-magnetic fielgs

© 2001 American Institute of Physic§DOI: 10.1063/1.1400792

I. INTRODUCTION cm in diameter, appear to be stable for up to 0.6 s in partial
) . atmosphere in the absence of any applied magnetic field.
Self-organized plasmas are often observed in nature. fecause the electron mean free path is long compared with
well-known self-organized plasma is the so-called spherog,e giameter of the plasma under the partial atmosphere in
mak plasmain which the magnetic field is produced almost \hege  experiments, the electrons in such self-organized
entirely by the internal current flow in the plasma. Because,|asma have been postulatd¥to spiral energetically along
no toroidal magnetic field is required outside the plasmaa torus with an ion background which is confined by the

e.g., at_ the wall spheromak _p!gsmas can form spontane artial atmospheric pressure. These self-organized plasmas
ously given the appropriate initial conditions. Spheroma . .

. . : “"are referred to as self-organized electron spiral torbidfo-
plasmas, which appear in the form of spheroids or toroids

have been studied theoretical using magnetohydrody- tential applications of self-organized electron spiral toroids

namics (MHD) for more than five decades. Since the Iate'r?CIUde energy pulse formation, energy storage, and propul-

1950s, spheromak plasmas have been generated in variotld

laboratories and have been studied experimenrftatfyal- ed ol iral EST). In th del
though there have been few detailed experimental studies gyganized electron spira toro(@ST). In the present model,

spontaneously generated spheromak plasmas in nature. TH@ electrons are assumed to undergo energetic spiral motion

laboratory studies of spheromak plasmas were motivated b@,long a hollow Forus with an ion background. Thg electron
their potential applications in nuclear fusibr® in terms of ~Mean free path is assumed to be long compared with the EST

both a plasma confinement devideand a reactor fueling size and the electron temperature is assumed to be low, so
device? and in intense x-ray generation by accelerating andhat the electrons are considered to form a hollow beam torus

magnetically compressing the plasiid? with 'cold-fluid motion. In the analysis, the elegtron tempera-
Ball lightning'? is another interesting self-organized ture is assumed to be small. Because we are interested in the

plasma, but it is less understood. It is often observed durin§lasma dynamics on a time scale of the electron motion, the
a lightning event in atmosphere. Both spherical and toroidalon background is assumed to be fixed. Furthermore, the mi-
ball lightning plasmas have been reporté@ecause the pre- nor radius of the EST is assumed to be small compared with
cise conditions for ball lightning to occur are still unknown, the major radius, i.e., the aspect ratio of the EST is assumed
detailed properties of ball lightning plasmas, such as the erto be small. Consistent with the small aspect ratio assump-
ergy density, have not been measured experimentally. Prdion, the toroidal velocity of the electron flow is assumed to
posed theoretical models for ball lightning range frombe negligibly small compared with the poloidal velocity of
spheromaklike MHD models to dusty plasmas. the electron flow. Using this model, the equilibrium and sta-
Recently, experimental evidence of self-organized toroi-bility properties of the electron flow in the self-organized
dal plasmas in a dc arc discharge have been repbtédd. EST are analyzed. It is found that a class of self-organized
These self-organized plasma toroids, which are of 0.2 to EST equilibria exists without an externally applied toroidal
magnetic field. It is shown that in the absence of any applied

dPermanent address: Departamento de Matematica, Universidade LuteraF%rOidal magn_e_tic_ﬁeld' th(_a EST efqu"ibria are Sta_ble_at high
do Brasil, 92420-280 Canoas, RS, Brazil. electron densitie§i.e., at high toroidal self-magnetic fields

In this paper, we present a theoretical model for the self-
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ny(p) = Nprb1/p, r'bl<P<rb21 )
0, otherwise.
Because of the thin-beam approximati@mall-aspect-ratijo
approximation, results obtained in the equilibrium analysis
and subsequent stability analysis in Sec. Il are accurate to
the order ofry,/ro. The equilibrium electron flow velocity
has the general form

V(p)=Vy(p)e,+Vgey, i)
whereV,<V, andV,= const. The fixed ion density is as-
sumed to be

ni(p)=fny(p), &)

FIG. 1. Cross section of an electron spiral toroid showing the pOIOidaIWheref is the ion fraction, which is slightly greater than
electron flowV ,(p)e, and poloidal coordinate systenp,i,6) with e, it '
pointing into the page. unity. . . o .
It is readily shown that the equilibrium electron density
and flow velocity,n, and V defined in Egs.(1) and (2),

although they are unstable at low electron densiiies, at satisfy the steady-state continuity equation

low toroidal self-magnetic fields Ny
The organization of this article is as follows. In Sec. Il,a ~ ~ &7 +V-J=0 )

cold-fluid equilibrium theory of the electron spiral toroid )

(EST) is presented. Examples of tenuous and intense electroffith /t=0.In Eq.(4), J=—en,V is the electron current

spiral toroids are presented. In Sec. IlI, use is made of thd€nsity and—e is the electron charge. o

continuity equation, the force equation, and Maxwell's equa- The coId-fde force balance equation for the equilibrium

tions to obtain a complete set of linearized equations goverrléctron flow is

ing extraordinary mode perturbations. An eigenvalue equa- e

tion for extraordinary mode perturbations is derived, and (9—+(V-V)V=—E[ES+VX(BOEH+ B%)], 6)

solved numerically with a computer code. Detailed deriva-

tions of the extraordinary eigenmode equations including thavhere d/dt=0, m is the electron mas$e, is the applied

boundary conditions are given in the Appendices at the entbroidal magnetic field, an&>= Ef;(p)ep andB®= Bf/)(p)e(/,

of this article. The results of the stability analyses of both+Bj(p)e, are the self-electric and self-magnetic fields pro-

tenuous and intense electron spiral toroids are discussed. thuced by the electrons and background ions, respectively.

Sec. IV, the conclusions of this paper are presented. Although an applied toroidal magnetic field is included in the
present formation of the equilibrium and stability problem, it
is set to be zero in all of the numerical examples presented

Il EQUILIBRIUM THEORY later in this paper. The radial component of ES). is

In this section, we present a cold-fluid equilibrium Vfﬁ(p) e
theory of the electron spiral toroi(EST). As stated in the =
Introduction, we make the following assumptiors) the
electron mean free path is assumed to be long compared witkhere the negligibly small ternv,Bj has been ignored.
the EST size, so that the electrons are considered to form 90lving Eq.(6) for V,(p) yields

= —{E%(p) +Vy(p)[BotBy(p)1}, (6)

hollow beam torus(b) the electron temperature is assumed 1(ep e?p?

to be low, so that a cold fluid description is uséd) the Vy(p)= —[—(BO+ BZ)i[—Z(BO-i— B$)?

minor radius of the EST is assumed to be small compared 2(m m

with the major radius, so that the toroidal effects are negli- 4ep ]2

gibly small; and(d) the ion background is assumed to be + ?EZ } (7)

fixed. The last assumption implies that the equilibrium
theory and subsequent stability analysis are valid in the timgespectively.
scale that is short in comparison with the time scale for the  The equilibrium Maxwell equations are
ion motion. 19 e(1—f)

To the lowest order, we treat the toroidal flow in the EST ~ — —(pE?)=—
with a small aspect ratid.e., with ry,/ry<1, whererg is ap
the major EST radiysas if it flows along a straight cylinder, 9
and analyze detailed equilibrium properties of the poloidal a—BSf,uoeVd,(p)nb(p). 9
flow in the EST as shown in Fig. 1. In the poloidal coordi- P
nate systemgd,®,rq6), the equilibrium electron density is Solving Eq. (8) for Ef) with the boundary condition
assumed to be E>(p=0)=0 yields

nb(p)1 (8)
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ES( ): —(6/60)(1—f)ﬁbrbl(l—rbl/p), M1 <p<lpz,
"o, pP<Tp1-
(10
Substituting Eq(7) into (9) yields
d o€ ep e2p2
@B%Tonb(p)[E(BowL BZ)i[F(BOJng)Z
4Ep 1/2
] (11

Equilibrium and stability properties . . . 4443

Equations(12) and(13) are fully characterized by three
dimensionless parameters, namety,a dimensionless mea-
sure of the electron densitly,the ratio of the background ion
density to the electron density, a;ﬁvo, the normalized cy-
clotron frequency associated with the applied toroidal mag-
netic field. Moreover, since the variabfe varies over the
range from 1 tor,,/ry; and the value ofr,/r,; can be
chosen arbitrarily, we expect that EST equilibria exist over a
wide range of system parameters.

Figure 2 shows a tenuous EST equilibrium as obtained
numerically with the aid of the computer code in the absence

which has to be solved numerically under the boundary cong¢ any applied toroidal magnetic field. The choice of system

dition B3(p=rp,)=0.

Use is made of a computer code, naneedEesT, to solve
Egs. (7) and (11) numerically. For present purposes, it is
convenient to express Eq&) and(11) in the following di-
mensionless form&or 1<p<ry,/ry;):

~ A 14 ~ ~ ~
wb<p>=5[03+not (Q+0)?
1 1 1/2
+4(f—1)7(1—7 J, (12
p p
and
90l 5, g (654 )2
dp - E +{ox ( + O)
1 1 1/2
+4(f—1)7(1—7 J, (13
p p
subject to the boundary condition
A [
QS( E) = (14)
b1

In Egs. (12) and (13), the dimensionless variables and pa-
rameters are defined by

pELE
Mot
A~ Wy Vy
b_wp(rbl) B pwp(rp)’
Ae Qs _ eB; 15
0p(rp1)  Map(rpy)’
N Qg eBy
O:wp(rbl) B Mwp(rpy)’
:fﬁlwﬁ(rbl)
cz
where
wp(r _(eer]b)l/z
p(rp1) = M (16)

is the electron plasma frequencygat r,,, andc is the speed
of light in vacua

parameters in Fig. 2 corresponds to=1.6, f=1.02, (),

=0, andry,/rp,;=1.01. In this case, the EST equilibrium is
tenuous because the Budker parameter is evaluated to be
=(al2)(rpp/rp;—1)=8%103, which is small compared
with unity. In Fig. 2, the normalized cyclotron frequency
Q% wp(rp1) and normalized electron angular flow velocity
wp/wp(ryy) are plotted as a function of the normalized mi-
nor radiusp/ry, for the clockwise-rotating electron flow in
the tenuous EST equilibrium. For the clockwise-rotating
electron flow, which corresponds to the minus sign in Egs.
(12) and(13), the electrons rotate in the positieg-direction

in reference to the schematic diagram shown in Fig. 1, and
the self-magnetic field points out of the page because the
current flow is in the negative,-direction. In contrast, both
the electron rotation and self-magnetic field for the
counterclockwise-rotating electron flow reverse their direc-

0.0
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P/ ry
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FIG. 2. Plots of(a) normalized cyclotron frequenc® w,(ry;) and (b)
normalized electron angular flow velocity, /w,(ry;) versus the normal-
ized minor radiup/r; for the clockwise-rotating electron flow in a tenuous
EST equilibrium. The choice of system parameters correspondsy to:
=1.6,f=1.02,Q,=0, andry,/r,;=1.01.
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=—-1.49x10"2T, N,=5.60998% 10" and N,

0.0 @ =5.61054% 10* whereN, is the total number of the elec-
- trons in the EST andl; is the total number of the ions in the
R background.
VQ‘ -1.0T
N
S
o -20f Il. STABILITY ANALYSIS
Ty
In the present analysis, we consider extraordinary-mode
30 , , ) perturbations on the cold-fluid EST equilibrium discussed in
1000 1.002 1004 1006 1008 1.010 Sec. Il. Under the extraordinary-mode perturbations, the
P/ Ty electron density,(p, ¢,t), electron flow velocity (p, ¢,t),
and electric and magnetic fieldsp, ¢,t) and B(p, ¢,t) in
12 - , - - the EST can be expressed as
(b) i(l¢—w
~ Np(p, b,t)=Ny(p) + dny(p)e! 4=y, 17
=
= V(p,d,)=Vy(p)eg+[ 8V, (p)e,
g& + 6V 4(p)e,letemen, (18)
0.4 b w
= E(p, 4.0 =E,(p)e, +[ 5E,(p)e,+ 5 4(p)eyle! =Y,
(19
: . - i(lg—ot)
00000 1002 1004 1006 1008 lolo B(p.¢,1)=By(p)ey+ 5By(p)ese : (20)
P/ Ty In Egs.(17)—(20), I=*=1,+2,-- -, w is the frequency of the

FIG. 3. Plots of(a) normalized cyclotron frequenc@® wy(rp;) and (b) pertgrbatlonSp IS the. (mmor) ra.dlal Coordmate’¢ IS the
normalized electron angular flow velocity, /wy(r,;) versus the normal- poloidal angle, and is the toroidal angle. The quantities
ized minor radiusp/r,, for the clockwise-rotating electron flow in an in- Nyp(p), Vy4(p)€ys, E,(p)e,, and By(p)e, are the electron
tense EST equilibrium. The choice of system parameters corresponds tejensity, flow velocity, and electric, and magnetic fields in the
@=1000,=1.0001,00=0, andry, /rp; =1.01. cold-fluid EST equilibrium, respectively. The perturbations
Snp(p,¢,t)=ny(p)€' 47N, 5Vy(p,d,)=[8V,(p)e,
+0V4(p)e,le' 7, etc., are assumed to be small in the
tions with respect to the clockwise-rotating electron flow. present analysis. Because an eigenmode with ¥ is un-
With the choice of an inner minor radius of;=4.95 stable we must show that all extraordinary modes have Im
x10"* m and a major radius af,=2.5x10"3 m for the ~ w=0 to prove that an EST equilibrium is stable against
EST, we derive from Fig. 2 the following dimensional pa- extraordinary-mode perturbations.
rameters: ry,=5.00<10 % m, V 4(rp2) =5.37X 10° m/s, The aims of this section are to derive a complete set of
Bj(rp1)=—6.6x10"* T, N;=2.243<10'°, andN;=2.288 linearized equations relating the perturbed quantitiag,
X 10'%, whereNy, is the total number of the electrons in the 8V,, 8V, 6E,, SE,, and 8B, to derive the eigenvalue
EST andN; is the total number of the ions in the back- equation and appropriate boundary conditions, and to inves-
ground. tigate the stability properties of both tenuous and intense
Figure 3 shows plots of the normalized cyclotron fre-ESTs. Consistent with the thin-beam approximation, the
quency Q% wy(rp;) and normalized electron angular flow present analysis ignores curvature effects in the toroidal di-
velocity wp/wp(rp1) versus the normalized minor radius rection; that is, the unit vectcg, is considered a constant
plry, for the clockwise-rotating electron flow in an intense unit vector. Detailed derivations are presented in Appendices
EST equilibrium as obtained numerically in the absence oA—D for an EST in open spade.g., in aiy, and the results
any applied toroidal magnetic field for the choice of systemare summarized in Sec. lllA. The stability properties of
parameters corresponding te= 1000, f:1,0001,f)0:(), tenuous and intense ESTs are discussed in Sec. IlI B.
andry,/r,;=1.01. In this case, the EST equilibrium is in- A The eigenvalue problem
tense because the Budker parameter is evaluated to be
=(al2)(ryy/ty;—1)=5, which is larger than unity. In com- The stability problem of an EST can then be formulated
parison with the tenuous case shown in Fig. 2, we observe i#s the following eigenvalue problefor rp; <p<ry,):
Fig. 3 that the magnitude of the electron flow velocity in-

creases rapidly at the outer edge of the EST. This trend be- — %[Prxp(w,l ,p)]@

comes more pronounced as the Budker parameter increasésdP | 1= @p /el dp

With the choice of an inner minor radius af,;=1.00 |2

X 1072 m and a major radius afy=0.1 m for the EST, we - ;z[l+)(¢(w,| .p)]6® =0, (21)

derive from Fig. 3 the following dimensional parame-
ers:r,=1.01x10"2 m, V,(rp) =9.49<10° m/s, Bj(r,;)  with the boundary conditions:
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G*(p—r )_ i J|(wrb1/C)
— bl

B 27Trb1C J|’(wrb1/C) (22)
and

G* (o= B i H|(wrb2/C)
(p=T2)= 27 ,5C H| (wrpy/c)

(23

for an EST in open spade.g., in aij. In Egs.(21)—(23), the
eigenfunctioné® is defined by

5@25(D(p)=ll—p5E¢,(p). (24)

The susceptibility functiongy,(w,l,p) and y4(w,l,p) are
defined by

wﬁ (1— wwpp?/c?l)?

Xo(@,,p)=— (25

vi 1—w?p?/ci?
| a)'zj . (u,szzlczl2
Xol®, ,p)——;g +1—w2p2/02|2
w_g QO—2w,| ©?p?c??
V% lw 1— w?p?/c?l?
N 1— wwyp?/c?l
(0—lwp)(1— w?p?/c?l?)
p oy
P
X —_ — —
[ dp| 2 (Q—2wp) |, (26)

respectively, wher€l =Q°+Q,. The functionvﬁ(w,l ,p) IS
defined by

wépzlczl2

1+ 1— w?p?/c?l?

vi(w,l,p)= (0l wy)?

+(Q—2wb) (27)

1d , QO
- g(P wp) :
The admittance functio®(p) is defined by

157OE 4(p, b,1) 3B (p, b, 0)p dop
__1 %Bilp)
2mp SEG(p)’

G(p)=

(28)

which can be expressed explicitly as

e o |0 1 cu,zJ
G p)= 27l l_w2p2/02|2 _;g

]
c?l 22

VbC
1 déd 29
5 dp | @

S
SN

X (Q—2w,)+

N

1— wwpp?/c?l

X —
(0—lwp) 1- w22

The functionsJ|(x) andH,(x) are the first-kind Bessel and

Hankel functions of ordel, respectively.
Although the eigenvalue equati@®l) resembles the ex-
traordinary eigenvalue equatiort® describing the electron

Equilibrium and stability properties . . . 4445

flow in crossed-field vacuum electron devices such as mag-
netrons and crossed-field amplifiers, there are significant dif-
ferences. First, the present eigenvalue equation includes the
effects of a fixed ion background which is absent in crossed-
field vacuum electron devices. This allows us to analyze the
stability properties of the self-organized EST in the absence
of an applied toroidal magnetic field. Second, the present
eigenvalue equation must be solved subject to the open
boundary condition given in Eq23) rather than a closed
conducting-wall boundary condition used in the analysis of
crossed-field vacuum electron devices.

In the eigenvalue equatidi21), there are two important
resonances for the interaction between the electron flow and

the perturbed wave fields, namely,
w—lwp(p)=0, (30)

and

l/g(a),l,p)Z(w—lwb)2 1+

2
wpp2/c2I2
1— w?p?lc?l?

1d
;@(P wb)_Q}EO- (3D

B. Numerical results

A computer code, nametFTEST, has been developed for
solving the eigenvalue problem defined in E@)—(23). In
the code, the standard shooting method is used to integrate
the eigenvalue equatio(R1) from p=ry; to ry,, and the
boundary conditions in Eq922) and (23). The code has
been validated and is working correctly.

Use is made oEFTESTtO investigate the stability prop-
erties of tenuous EST equilibria in the absence of any applied
toroidal magnetic field. For the tenuous EST equilibrium
shown in Fig. 2 in Sec. Il, the results of the stability analysis
are summarized in Fig. 4. Figuresa# and 4b) show, re-
spectively, the normalized real eigenfrequency«Re (1)
and normalized imaginary eigenfrequency difw,(r,;) as
a function of the poloidal mode numbkfor the extraordi-
nary eigenmode perturbations. As shown in Fig. 4, for each
poloidal mode numberfrom =1 to 6 and fol =10, there
is a stable eigenmode with a real eigenfrequency. However,
for each poloidal mode numbérfrom | =7 to 9, there is a
pair of eigenmodes with complex eigenfrequencies. The
eigenmodes with positive imaginary eigenfrequencies are
unstable, whereas those with negative imaginary eigenfre-
quencies are damped. The maximum growth rate of the un-
stable eigenmodes is 1y, 4,=0.0050 (1), which occurs
at | =8. The real eigenfrequency increases as the poloidal
mode numbel increases, as expected from the resonance
conditions in Eqs(30) and (31).

As the electron density increases in the EST, i.e., as the
parametera increases, the growth rates of the instabilities
shown in Fig. 4 decrease relative to the plasma frequency.
This is illustrated in Fig. 5, in which the normalized imagi-
nary eigenfrequency is plotted as a function of the parameter
« for several unstable eigenmodes with the poloidal mode
number =5, 6, 7, and 8. The choice of system parameters in
Fig. 5 corresponds toQy=0, ry,/rp;=1.01, andf—-1
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FIG. 4. Plots of(a) normalized real eigenfrequency ®éw,(r,;) and (b) FIG. GI'. Plé)t".:' Of@ normghze;j real e|ge:;requency Béwp(rtbﬁ) an(?(_t:j) |
normalized imaginary eigenfrequency todw,(rp;) versus the poloidal normalized Imaginary €igenirequency @p(Mb1) versus the poloida
mode numbet for a tenuous EST with the same choice of system param—mOde numbef fqr an intense EST with the same choice of system param-
eters as shown in Fig. 2. eters as shown in Fig. 3.

—0.032k. In Fig. 5, the value of the parameteis adjusted investigated are fo_u_nd to be _stable. As a typical (_axar_nple, the
according to the relatiofi—1=0.032&, so that the normal- resqlts of the stab|llty.an-aly3|s are gummanzgd in Fig. 6.for
ized electron poloidal flow veI’ocity is fixed at the intense EST equilibrium shovyn in Fig. 3 in Se.c. . Fig-
rﬁlwﬁ(rbl)/c2=3.2>< 104 [see Eq(7)]. It is evident in Fig. ures Ga) and Gb) show, respectively, the normalized real

5 that the normalized growth rate kalw(r,;) decreases as frequency Rev/wp(rpy) and normalized imaginary fre-

. . ) ncy Imw r function of th loidal m
a increase. As a matter of fact, the relative maximum growthque cy fwp(Tpy) as a function of the poloidal mode

rate of the instabilities is found to slowly decrease to zero agumberl for the extraordinary eigenmode perturbations. The

. S - .~ “Teal frequency increases as the mode nurhbereases. The
the parametew further increases, indicating stability for in- . . . . ;
. . imaginary parts of the eigenfrequencies are either zero or
tense electron spiral toroids. negative. Therefore, all of the eigenmodes are stable. It is
Use is also made ofFTESTto investigate the stability 9 ; § g )

properties of intense EST equilibria in the absence of an worthwhile noting that there are more eigenmodes in the

applied toroidal magnetic field. All of the intense ESTs We¥ntense case than in the tenupus case. The .modesf W'Fh higher
frequencies correspond to higher-order radial oscillations.

0.008 T ' ' T IV. CONCLUSIONS

We have presented a cold-fluid model for a self-
organized electron spiral toroi@EST) in partial atmosphere,
assuming(a) the electrons undergo energetic spiral motion
along a hollow torus with an ion backgrourt) the electron
mean free path is long compared with the EST sizethe
electron temperature is lowgd) the ion background is as-
sumed to be fixed, ante) the minor radius of the EST is
small compared with the major radius. Using this model, the
equilibrium and stability properties of the electron flow in
the self-organized EST were analyzed.

FIG. 5. Plot of the normalized imaginary eigenfrequencyl,(ry,;) ver- -In parthUla-lr’ the eqU|I|.br|um poloidal e-lec-tron flow ve-

e ) o ) pi bl locity and equilibrium toroidal self-magnetic field were de-
sus the dimensionless parameder ry; wp(rp)/c” for several values of the . .
poloidal mode numbei Here, the choice of system parameters correspondd€rmined for a small-aspect ratio hollow EST. Examples of
t0: Qg=0, rp, /Tp;=1.01, andf —1=0.032k. intense and tenuous EST equilibria were presented. Use was

Im a)/a)p(rb 7
S S
[ XD
N &

o
S
)

T

0.000
0.0
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made of the continuity equation, the force equation, andvhere

Maxwell’'s equations to obtain a complete set of linearized o

equations governing extraordinary mode perturbations. An (=) (p)= —[BS(p)+By] (A8)
eigenvalue equation for extraordinary mode perturbations m

was derived, and solved numerically with a computer codejs the electron cyclotron frequency in the equilibrium toroi-
It was found that a class of self-organized EST equilibriagg) magnetic field B3(p) + Bqle,.

exists without an externally applied toroidal magnetic field.

The perturbed electric and magnetic fieldE(p, ¢,t)

It was shown that in the absence of any applied toroidahng sB(p, ¢,t) satisfy linearized Maxwell’s equations
magnetic field, the EST equilibria are stable at high electron

densitieq(i.e., at high toroidal self-magnetic fieldslthough
they are unstable at low electron densities., at low toroi-

dal self-magnetic fields
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APPENDIX A: LINEARIZED CONTINUITY, FORCE,
AND MAXWELL EQUATIONS

V. SE(p,hit)=— foénbmqb,t), (A9)
VX SE(p, ,t) + %5B(p,d>,t)=o, (A10)
(A11)
1 49
VX 5B(p1¢1t)_ ? EﬁE(pv(ﬁat)
=— no€[Np(p) 8V(p, ¢, 1) +V 4(p)eydny(p, é,1)].
(A12)

Under the extraordinary-mode perturbations given inNote that fordB(p,$,t)=6B,(p)e'(!*~“VYe,, Eq. (All) is
Egs.(17)—(20), the conservation of electron charge is main-automatically satisfied, i.e.,

tained, which is described by the continuity equation

Jd
5nb(p,¢,t)+V-[nb(p,¢,t)V(p,¢,t)]=O. (Al)

Linearizing Eq.(A1), we obtain

1d il il
—iwdény,+——(pnydV,)+ —ny,oV,+—V,6n,=0.
b pdp(Pb ) MooVt VoM,

(A2)
From Eq.(A2), the density perturbatiofdny, is given by
1 i d I
5nb=w_|wb —;ﬁ(pnbb‘va ;nbﬁvd, , (A3)

where the equilibrium electron angular flow velocity, is
defined by

Vg(p)
wp=wn(p)= ==, (Ad)
which is a function ofp.

The linearized force equation is given by

J
SOV (Ve V)V +(8V-V)V e,

e
== —(JE+V,e;X B+ 0V XBye,). (A5)

Equation(A5) can be expressed in the component form
—i(o—lwp)6V,= 20,6V 4+ Q6V,

e
Z—E(ﬁEp+V¢,5B€), (AB)

—i(w—lwp)6V,+

1d ) e
;%(p wb)—Q 5Vp=—E5E¢,
(AT)

V- B(p,b.0)= — [ poB(p)ell0]=0
T pd(reh) ’ '
(A13)
wherer, is the major EST radius, ang,6 is the displace-

ment along the toroid. It should be reminded that the unit
vector e, is considered as a constant unit vector in the

present analysis. Equatiori89), (A10), and (A12) can be
expressed in the component form

1d il e
;@(péEpH;éEf—e—oanb, (A14)
1d il ,
;@(pﬁE(ﬁ)—;éEp:IwEBg, (A15)
il i

;5Be+ ?5Ep=_ﬂoenb5\/p, (A16)

d iw
While there are four equation®\14)—(A17) for three field
variablesoE,, oE,, and 6B,, we work with Egs.(A15)
and (A16) to obtain

N L LA
PT T 1= w2p%c??|dp A% | e NpoV,
(A18)
and
5B,= ! o 9 spr 1P (8]0 sv
1= 1= w2p?cA2| 2l dp 2l | eg) ™OVe|"
(A19)

where 6®(p) is defined in Eg.(24). Note that when
|wp/cl|<1, we have approximately
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d il
5Epz—$5<b, 5E¢z—;5<b, 6By=0, (A20)
corresponding telectrostaticperturbations.

To summarize briefly, Eqs(24), (A3), (A6), (A7),
(A18), and(A19) relate the perturbed quantitié®y,, 6V,
oVy, O6E,, 6E4, and 6B,. These equations together with
Poisson’s equatiofA14) will be used in Appendix B to de-
rive an eigenvalue equation involving only®(p)
=(ipl/l)E4(p).

APPENDIX B: DERIVATION OF THE EIGENVALUE
EQUATION

The extraordinary-mode eigenvalue equation is derive
in three major steps. As a first step, we eliminate the density

perturbationsny, in Eq. (A14) by substituting Eqs(A3) and
(A18) into Poisson’s equatiofA14). This readily gives

1d p dod)| |2
E@(l—wzpzlczlz dp |~ p7°
e i 1d
:e—o(‘w——l%m@”tﬁvp)
1d[ iwp?c?? I/p
_l_)ﬁ sz/czlz(pnbwp) +w_—|wbnbév¢].

(B1)
It is evident in Eq.(B1) that the field perturbatio®® is

Chen, Pakter, and Seward

1d(
pdp?

déd

1- a)Vd,p/Czl }
-0
wp) dp

e
= 2|7 _.2.2;-2|2
Vg mvbll—w plcl

2 21212
wsp<lcel |
0P —5@], (B5)

+ S —
1 1—w?p?/c?l?

—(w—lw
( b) p
where the quantity?=v3(w,|,p) is defined in Eq(27).
As a third step, we substitute EqdB84) and(B5) into Eq.
(B1) to obtain the eigenvalue equation

1d P 1 | dod
b dp | 1= w2pticaz T xel@lp) g =
|2

—?[1+X¢(a),|,p)]5¢=0, (B6)

yvherel==1,%£2...., wy(p)=[e’ny(p)/eom]"? is the (lo-

al) electron plasma frequency, and the susceptibility func-
ions x,(w,l,p) andy 4(w,l,p) are defined in Eqg25) and
(26), respectively.

Equation (B6) must be solved subject to appropriate
boundary conditions. For an EST in open spéxg., in aij,
the boundary conditions are

5D (p=0)=0 and 6D (p=ox)xpl’?. (B7)

Consistent with the boundary conditions in E®7), the
boundary conditions ap=r,; andry, will be derived in
Appendix D after a brief discussion of the solutions to Eq.
(B6) in the vacuum regions in Appendix C.

APPENDIX C: SOLUTIONS IN THE VACUUM

driven self-consistently by the electron density perturbationrregions

which is now expressed in terms of the velocity perturbations

oV, and V. We solve the eigenvalue equati¢B6) in the vacuum
As a second step, we express the velocity perturbationgegions with p<ry; and with p>ry,, where ny(p)

6V, andsV,, in terms of the field perturbatiodd using the

linearized force equation(&6) and(A7) and linearized Max-
well's equationg24), (A18), and(A19). Indeed, substituting
Egs. (A18) and (Al19) into Eq. (A6), some straightforward
algebra yields

w,szzlczl2 .

(0—lwp) 1+Tp2/02|2 5VP+I(Q—2wb)5V¢

e 1-wVyp/c?l dod a0

“mil-w?p?%cd? dp’ B2
and substituting Eq(24) into Eq. (A7) yields

119, Q|sV lop) V= — — | 5P

i ;@(P wp) pT (0= lwp) bV y= m %%

(B3)

Solving Egs.(B2) and(B3) for sV, and sV,,, we find that

ie |
S5V =—2[(Q—2wb);5®

P me
1- wV¢p/C2| dod

+ —
(w |wb)1_w2p2/C2|2 dp

: (B4)

= 6np(p) = 6V y4(p) =V ,(p) =0. Forp<rp; or p>ry,, Eq.
(B6) can expressed as
|2

1d p dod
~200=0.

;% 1—w?p?/c?l? dp
To solve EQ.(C1) for 6P, we return to and sehy(p)

=0ny(p) =6V 4(p)=V,(p)=0 in Egs.(A1l4)—(A17). We
have from Eq.(A14),

(CD

OE,= L d oE C2
and from Eq.(A16),
wp
oBy=— lc—zéEp. (C3

Substituting Egs.(C2) and (C3) into Eg. (Al5) yields
Bessel's equation

LA d sl 9 - ) pse -0 c4

o dp P@(P o) | T 72 (poE,)= (C4)
for the variablep 5E, .

General solutions to EqC4) are

pOE,(p)=CJ(wplc)+DY (wplc), (CH
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whereJ;(x) andY,(x) are the first- and second-kind Bessel i H(wrp,/C)
functions of orderl, andC andD are constants to be deter- G*(p=rp+0)=
mined by the boundary conditions given in EB7) together

with solutions to Eq.(B6) within the EST electron layer Evidently, one of the advantages of introducing the admit-
(rp1<p<rp,). Substituting Eqs(C2) and(C3) into Eq.(24), tanceG is that the coefficient€. and C. do not appear
we obtain general solutions to the eigenvalue equation in thexplicitly in Egs.(D1) and(D2).

27 yC H (wrp,/c)” ©2)

vacuum regions outside the EST electron layer vgithr ,; Inside the EST electron layer, an analytical expression
and with p>r 5, for the admittanceG can be obtained by substituting Egs.
® (24), (A20), and (B4) into Eq. (28). This gives(for rp;<p
5<I)(p)=—%[CJ{(wp/C)-i-DY{(wp/C)], (C6  <Tb2) i
1 oy 1
* N b
whereJ| (x)=dJ,(x)/dx and Y| (x) =dY,(x)/dx. G*(p)= ZWl)—n—nl_w 2 { ;bz(grl)

We now find special solutions for an EST in open space
by taking into account the boundary conditions given in Eq.
(B7). In the inner vacuum region with9p<r,;, D=0,
because all of the field perturbations must be finitp at0.

2
X (Q—2wy)+ wp 5( p )
c2l vilcd

Therefore, for G<p<ry,, the eigenfunctions®(p) can be < (o—lw )1 wopp®/c?l| 1 dod 03)
expressed as b1 —w2p?cAZ | 5D dp |
_ wp , SinceG* (p) is continuous ap=ry,; andr,, we obtain the
o0 (p)=~ 25 C<Ji(wplC). (C7) following boundary conditions:
Here, C_ is a constant to be determined by the boundary . i Ji(wrpy/c)
conditions atp=rp;. In the outer vacuum region witp GH(p=Tp1)= 27T p1C I (wlpy/C)’ (D4)
>ry,, D=IC, because the perturbed fields form an out-
going wave. Therefore, fgs>ry,, the eigenfunctios®(p) ~ and . o
can be expressed as i Hj(wrp/c
P G* (p=rp2) = (DS)

27Trb20 H|'(wrb2/C) '

_ep
50 (p) =~ 125 C>Hi(wplc), C8  WwhereG*(p) is defined in Eq(29) for ry,<p<ry,. This

concludes the derivation of the boundary conditions in Egs.

whereH,(x) is the first-kind Hankel function of orddrde- (22) and (23).

fined by H(x)=J,(x)+iY,(x), andC. is a constant to be
determined by the boundary conditionspat r .
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