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Equilibrium and stability properties of self-organized electron spiral toroids
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A cold-fluid model for a self-organized electron spiral toroid~EST! is presented. In the present
model, the electrons are assumed to undergo energetic spiral motion along a hollow torus with a
fixed ion background, the electron mean free path is assumed to be long compared with the torus
size, and the minor radius of the EST is assumed to be small compared with the major radius. Using
this model, the equilibrium and stability properties of the electron flow in the self-organized EST are
analyzed. It is found that a class of self-organized EST equilibria exists with or without an externally
applied toroidal magnetic field. It is shown that in the absence of any applied toroidal magnetic field,
the EST equilibria are stable at high electron densities~i.e., at high toroidal self-magnetic fields!,
although they are unstable at low electron densities~i.e., at low toroidal self-magnetic fields!.
© 2001 American Institute of Physics.@DOI: 10.1063/1.1400792#
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I. INTRODUCTION

Self-organized plasmas are often observed in nature
well-known self-organized plasma is the so-called sphe
mak plasma1 in which the magnetic field is produced almo
entirely by the internal current flow in the plasma. Becau
no toroidal magnetic field is required outside the plas
~e.g., at the wall!, spheromak plasmas can form spontan
ously given the appropriate initial conditions. Spherom
plasmas, which appear in the form of spheroids or toro
have been studied theoretically2–5 using magnetohydrody
namics ~MHD! for more than five decades. Since the la
1950s, spheromak plasmas have been generated in va
laboratories and have been studied experimentally,6–11 al-
though there have been few detailed experimental studie
spontaneously generated spheromak plasmas in nature
laboratory studies of spheromak plasmas were motivated
their potential applications in nuclear fusion,6–9 in terms of
both a plasma confinement device6,7 and a reactor fueling
device,9 and in intense x-ray generation by accelerating a
magnetically compressing the plasma.10,11

Ball lightning12 is another interesting self-organize
plasma, but it is less understood. It is often observed du
a lightning event in atmosphere. Both spherical and toro
ball lightning plasmas have been reported.12 Because the pre
cise conditions for ball lightning to occur are still unknow
detailed properties of ball lightning plasmas, such as the
ergy density, have not been measured experimentally.
posed theoretical models for ball lightning range fro
spheromaklike MHD models to dusty plasmas.

Recently, experimental evidence of self-organized tor
dal plasmas in a dc arc discharge have been reported13,14

These self-organized plasma toroids, which are of 0.2 t

a!Permanent address: Departamento de Matematica, Universidade Lut
do Brasil, 92420-280 Canoas, RS, Brazil.
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cm in diameter, appear to be stable for up to 0.6 s in par
atmosphere in the absence of any applied magnetic fi
Because the electron mean free path is long compared
the diameter of the plasma under the partial atmospher
these experiments, the electrons in such self-organ
plasma have been postulated13,14 to spiral energetically along
a torus with an ion background which is confined by t
partial atmospheric pressure. These self-organized plas
are referred to as self-organized electron spiral toroids.13 Po-
tential applications of self-organized electron spiral toro
include energy pulse formation, energy storage, and pro
sion.

In this paper, we present a theoretical model for the s
organized electron spiral toroid~EST!. In the present model
the electrons are assumed to undergo energetic spiral mo
along a hollow torus with an ion background. The electr
mean free path is assumed to be long compared with the
size and the electron temperature is assumed to be low
that the electrons are considered to form a hollow beam to
with cold-fluid motion. In the analysis, the electron tempe
ture is assumed to be small. Because we are interested i
plasma dynamics on a time scale of the electron motion,
ion background is assumed to be fixed. Furthermore, the
nor radius of the EST is assumed to be small compared w
the major radius, i.e., the aspect ratio of the EST is assu
to be small. Consistent with the small aspect ratio assu
tion, the toroidal velocity of the electron flow is assumed
be negligibly small compared with the poloidal velocity
the electron flow. Using this model, the equilibrium and s
bility properties of the electron flow in the self-organize
EST are analyzed. It is found that a class of self-organi
EST equilibria exists without an externally applied toroid
magnetic field. It is shown that in the absence of any app
toroidal magnetic field, the EST equilibria are stable at h
electron densities~i.e., at high toroidal self-magnetic fields!,

ana
1 © 2001 American Institute of Physics
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although they are unstable at low electron densities~i.e., at
low toroidal self-magnetic fields!.

The organization of this article is as follows. In Sec. II,
cold-fluid equilibrium theory of the electron spiral toro
~EST! is presented. Examples of tenuous and intense elec
spiral toroids are presented. In Sec. III, use is made of
continuity equation, the force equation, and Maxwell’s eq
tions to obtain a complete set of linearized equations gov
ing extraordinary mode perturbations. An eigenvalue eq
tion for extraordinary mode perturbations is derived, a
solved numerically with a computer code. Detailed deriv
tions of the extraordinary eigenmode equations including
boundary conditions are given in the Appendices at the
of this article. The results of the stability analyses of bo
tenuous and intense electron spiral toroids are discusse
Sec. IV, the conclusions of this paper are presented.

II. EQUILIBRIUM THEORY

In this section, we present a cold-fluid equilibriu
theory of the electron spiral toroid~EST!. As stated in the
Introduction, we make the following assumptions:~a! the
electron mean free path is assumed to be long compared
the EST size, so that the electrons are considered to for
hollow beam torus;~b! the electron temperature is assum
to be low, so that a cold fluid description is used;~c! the
minor radius of the EST is assumed to be small compa
with the major radius, so that the toroidal effects are ne
gibly small; and~d! the ion background is assumed to
fixed. The last assumption implies that the equilibriu
theory and subsequent stability analysis are valid in the t
scale that is short in comparison with the time scale for
ion motion.

To the lowest order, we treat the toroidal flow in the ES
with a small aspect ratio~i.e., with r b2 /r 0!1, wherer 0 is
the major EST radius! as if it flows along a straight cylinder
and analyze detailed equilibrium properties of the poloi
flow in the EST as shown in Fig. 1. In the poloidal coord
nate system (r,f,r 0u), the equilibrium electron density i
assumed to be

FIG. 1. Cross section of an electron spiral toroid showing the polo
electron flow Vf(r)ef and poloidal coordinate system (r,f,u) with eu

pointing into the page.
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nb~r!5H n̂br b1 /r, r b1,r,r b2 ,

0, otherwise.
~1!

Because of the thin-beam approximation~small-aspect-ratio!
approximation, results obtained in the equilibrium analy
and subsequent stability analysis in Sec. III are accurat
the order ofr b2 /r 0. The equilibrium electron flow velocity
has the general form

V~r!5Vf~r!ef1Vueu , ~2!

whereVu!Vf andVu5 const. The fixed ion density is as
sumed to be

ni~r!5 f nb~r!, ~3!

where f is the ion fraction, which is slightly greater tha
unity.

It is readily shown that the equilibrium electron dens
and flow velocity,nb and V defined in Eqs.~1! and ~2!,
satisfy the steady-state continuity equation

2e
]nb

]t
1¹•J50 ~4!

with ]/]t50. In Eq. ~4!, J52enbV is the electron curren
density and2e is the electron charge.

The cold-fluid force balance equation for the equilibriu
electron flow is

]V

]t
1~V•¹!V52

e

m
@Es1V3~B0eu1Bs!#, ~5!

where]/]t50, m is the electron mass,B0eu is the applied
toroidal magnetic field, andEs5Er

s(r)er andBs5Bf
s (r)ef

1Bu
s(r)eu are the self-electric and self-magnetic fields pr

duced by the electrons and background ions, respectiv
Although an applied toroidal magnetic field is included in t
present formation of the equilibrium and stability problem,
is set to be zero in all of the numerical examples presen
later in this paper. The radial component of Eq.~5! is

Vf
2 ~r!

r
5

e

m
$Es~r!1Vf~r!@B01Bu

s~r!#%, ~6!

where the negligibly small termVuBf
s has been ignored

Solving Eq.~6! for Vf(r) yields

Vf~r!5
1

2 H er

m
~B01Bu

s!6Fe2r2

m2 ~B01Bu
s!2

1
4er

m
Er

sG1/2J , ~7!

respectively.
The equilibrium Maxwell equations are

1

r

]

]r
~rEr

s!52
e~12 f !

e0
nb~r!, ~8!

]

]r
Bu

s5m0eVf~r!nb~r!. ~9!

Solving Eq. ~8! for Er
s with the boundary condition

Er
s(r50)50 yields

l

IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp



on

is

a

e
-

ag-

r a

ed
nce
m

is
be

y
ty
i-

ng
qs.

and
the

he
c-

s
:

4443Phys. Plasmas, Vol. 8, No. 10, October 2001 Equilibrium and stability properties . . .
Er
s~r!5H 2~e/e0!~12 f !n̂br b1~12r b1 /r!, r b1,r,r b2 ,

0, r,r b1 .
~10!

Substituting Eq.~7! into ~9! yields

d

dr
Bu

s5
m0e

2
nb~r!H er

m
~B01Bu

s!6Fe2r2

m2 ~B01Bu
s!2

1
4er

m
Er

sG1/2J , ~11!

which has to be solved numerically under the boundary c
dition Bu

s(r5r b2)50.
Use is made of a computer code, namedCFTEST, to solve

Eqs. ~7! and ~11! numerically. For present purposes, it
convenient to express Eqs.~7! and ~11! in the following di-
mensionless forms~for 1<r̂<r b2 /r b1):

v̂b~ r̂ !5
1

2 H V̂s1V̂06F ~V̂s1V̂0!2

14~ f 21!
1

r̂
S 12

1

r̂
D G1/2J , ~12!

and

dV̂s

dr
5

a

2 H V̂s1V̂06F ~V̂s1V̂0!2

14~ f 21!
1

r̂
S 12

1

r̂
D G1/2J , ~13!

subject to the boundary condition

V̂sS r b2

r b1
D50. ~14!

In Eqs. ~12! and ~13!, the dimensionless variables and p
rameters are defined by

r̂5
r

r b1
,

v̂b5
vb

vp~r b1!
5

Vf

rvp~r b1!
,

V̂s5
Vs

vp~r b1!
5

eBu
s

mvp~r b1!
, ~15!

V̂05
V0

vp~r b1!
5

eB0

mvp~r b1!
,

a5
r b1

2 vp
2~r b1!

c2
,

where

vp~r b1!5S e2n̂b

e0m
D 1/2

~16!

is the electron plasma frequency atr5r b1, andc is the speed
of light in vacuo.
Downloaded 26 Mar 2002 to 198.125.177.209. Redistribution subject to A
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Equations~12! and ~13! are fully characterized by thre
dimensionless parameters, namely,a, a dimensionless mea
sure of the electron density,f, the ratio of the background ion
density to the electron density, andV̂0, the normalized cy-
clotron frequency associated with the applied toroidal m
netic field. Moreover, since the variabler̂ varies over the
range from 1 tor b2 /r b1 and the value ofr b2 /r b1 can be
chosen arbitrarily, we expect that EST equilibria exist ove
wide range of system parameters.

Figure 2 shows a tenuous EST equilibrium as obtain
numerically with the aid of the computer code in the abse
of any applied toroidal magnetic field. The choice of syste
parameters in Fig. 2 corresponds to:a51.6, f 51.02, V̂0

50, andr b2 /r b151.01. In this case, the EST equilibrium
tenuous because the Budker parameter is evaluated ton
5(a/2)(r b2 /r b121)5831023, which is small compared
with unity. In Fig. 2, the normalized cyclotron frequenc
Vs/vp(r b1) and normalized electron angular flow veloci
vb /vp(r b1) are plotted as a function of the normalized m
nor radiusr/r b1 for the clockwise-rotating electron flow in
the tenuous EST equilibrium. For the clockwise-rotati
electron flow, which corresponds to the minus sign in E
~12! and~13!, the electrons rotate in the positiveef-direction
in reference to the schematic diagram shown in Fig. 1,
the self-magnetic field points out of the page because
current flow is in the negativeef-direction. In contrast, both
the electron rotation and self-magnetic field for t
counterclockwise-rotating electron flow reverse their dire

FIG. 2. Plots of~a! normalized cyclotron frequencyVs/vp(r b1) and ~b!
normalized electron angular flow velocityvb /vp(r b1) versus the normal-
ized minor radiusr/r b1 for the clockwise-rotating electron flow in a tenuou
EST equilibrium. The choice of system parameters corresponds toa
51.6, f 51.02, V050, andr b2 /r b151.01.
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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tions with respect to the clockwise-rotating electron flow.
With the choice of an inner minor radius ofr b154.95

31024 m and a major radius ofr 052.531023 m for the
EST, we derive from Fig. 2 the following dimensional p
rameters: r b255.0031024 m, Vf(r b2)55.373106 m/s,
Bu

s(r b1)526.631024 T, Nb52.24331010, and Ni52.288
31010, whereNb is the total number of the electrons in th
EST andNi is the total number of the ions in the bac
ground.

Figure 3 shows plots of the normalized cyclotron fr
quency Vs/vp(r b1) and normalized electron angular flo
velocity vb /vp(r b1) versus the normalized minor radiu
r/r b1 for the clockwise-rotating electron flow in an inten
EST equilibrium as obtained numerically in the absence
any applied toroidal magnetic field for the choice of syst
parameters corresponding to:a51000, f 51.0001, V̂050,
and r b2 /r b151.01. In this case, the EST equilibrium is in
tense because the Budker parameter is evaluated ton
5(a/2)(r b2 /r b121)55, which is larger than unity. In com
parison with the tenuous case shown in Fig. 2, we observ
Fig. 3 that the magnitude of the electron flow velocity i
creases rapidly at the outer edge of the EST. This trend
comes more pronounced as the Budker parameter incre
With the choice of an inner minor radius ofr b151.00
31022 m and a major radius ofr 050.1 m for the EST, we
derive from Fig. 3 the following dimensional param
ers: r b251.0131022 m, Vf(r b2)59.493106 m/s, Bu

s(r b1)

FIG. 3. Plots of~a! normalized cyclotron frequencyVs/vp(r b1) and ~b!
normalized electron angular flow velocityvb /vp(r b1) versus the normal-
ized minor radiusr/r b1 for the clockwise-rotating electron flow in an in
tense EST equilibrium. The choice of system parameters correspond
a51000, f 51.0001,V050, andr b2 /r b151.01.
Downloaded 26 Mar 2002 to 198.125.177.209. Redistribution subject to A
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521.4931022 T, Nb55.609 98731014, and Ni

55.610 54931014, whereNb is the total number of the elec
trons in the EST andNi is the total number of the ions in th
background.

III. STABILITY ANALYSIS

In the present analysis, we consider extraordinary-m
perturbations on the cold-fluid EST equilibrium discussed
Sec. II. Under the extraordinary-mode perturbations,
electron densitynb(r,f,t), electron flow velocityV(r,f,t),
and electric and magnetic fieldsE(r,f,t) and B(r,f,t) in
the EST can be expressed as

nb~r,f,t !5nb~r!1dnb~r!ei ( lf2vt), ~17!

V~r,f,t !5Vf~r!ef1@dVr~r!er

1dVf~r!ef#ei ( lf2vt), ~18!

E~r,f,t !5Er~r!er1@dEr~r!er1dEf~r!ef#ei ( lf2vt),
~19!

B~r,f,t !5Bu~r!eu1dBu~r!euei ( lf2vt). ~20!

In Eqs.~17!–~20!, l 561,62,•••, v is the frequency of the
perturbations,r is the ~minor! radial coordinate,f is the
poloidal angle, andu is the toroidal angle. The quantitie
nb(r), Vf(r)ef , Er(r)er , and Bu(r)eu are the electron
density, flow velocity, and electric, and magnetic fields in t
cold-fluid EST equilibrium, respectively. The perturbatio
dnb(r,f,t)5dnb(r)ei ( lf2vt), dVf(r,f,t)5@dVr(r)er

1dVf(r)ef#ei ( lf2vt), etc., are assumed to be small in th
present analysis. Because an eigenmode with Imv.0 is un-
stable, we must show that all extraordinary modes have
v<0 to prove that an EST equilibrium is stable again
extraordinary-mode perturbations.

The aims of this section are to derive a complete se
linearized equations relating the perturbed quantitiesdnb ,
dVr , dVf , dEr , dEf , anddBu , to derive the eigenvalue
equation and appropriate boundary conditions, and to inv
tigate the stability properties of both tenuous and inte
ESTs. Consistent with the thin-beam approximation,
present analysis ignores curvature effects in the toroidal
rection; that is, the unit vectoreu is considered a constan
unit vector. Detailed derivations are presented in Appendi
A–D for an EST in open space~e.g., in air!, and the results
are summarized in Sec. III A. The stability properties
tenuous and intense ESTs are discussed in Sec. III B.

A. The eigenvalue problem

The stability problem of an EST can then be formulat
as the following eigenvalue problem~for r b1,r,r b2):

1

r

d

dr H r

12v2r2/c2l 2 @11xr~v,l ,r!#
ddF

dr J
2

l 2

r2 @11xf~v,l ,r!#dF50, ~21!

with the boundary conditions:

to:
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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G* ~r5r b1!5
i

2pr b1c

Jl~vr b1 /c!

Jl8~vr b1 /c!
~22!

and

G* ~r5r b2!5
i

2pr b2c

Hl~vr b2 /c!

Hl8~vr b2 /c!
~23!

for an EST in open space~e.g., in air!. In Eqs.~21!–~23!, the
eigenfunctiondF is defined by

dF5dF~r!5
ir

l
dEf~r!. ~24!

The susceptibility functionsxr(v,l ,r) and xf(v,l ,r) are
defined by

xr~v,l ,r!52
vp

2

nb
2

~12vvbr2/c2l !2

12v2r2/c2l 2 , ~25!

xf~v,l ,r!52
vp

2

nb
2 S 11

vp
2r2/c2l 2

12v2r2/c2l 2D
12

vp
2

nb
2 S V22vb

lv D v2r2/c2l 2

12v2r2/c2l 2

1
12vvbr2/c2l

~v2 lvb!~12v2r2/c2l 2!

3S r

l D d

dr Fvp
2

nb
2 ~V22vb!G , ~26!

respectively, whereV5Vs1V0. The functionnb
2(v,l ,r) is

defined by

nb
2~v,l ,r!5~v2 lvb!2F11

vp
2r2/c2l 2

12v2r2/c2l 2G
1~V22vb!F1

r

d

dr
~r2vb!2VG . ~27!

The admittance functionG(r) is defined by

G~r![
E 0
2pdEf~r,f,t !dBu* ~r,f,t !r df

u2prdEf~r,f,t !u2

5
1

2pr

dBu* ~r!

dEf* ~r!
, ~28!

which can be expressed explicitly as

G* ~r!5S i

2p l D 1

12v2r2/c2l 2 H 2
vp

2

nb
2 S 1

c2l D
3~V22vb!1Fvr

c2l
2

vp
2

nb
2 S r

c2l 2D
3~v2 lvb!

12vvbr2/c2l

12v2r2/c2l 2 G 1

dF

ddF

dr J . ~29!

The functionsJl(x) andHl(x) are the first-kind Bessel an
Hankel functions of orderl, respectively.

Although the eigenvalue equation~21! resembles the ex
traordinary eigenvalue equation15,16 describing the electron
Downloaded 26 Mar 2002 to 198.125.177.209. Redistribution subject to A
flow in crossed-field vacuum electron devices such as m
netrons and crossed-field amplifiers, there are significant
ferences. First, the present eigenvalue equation includes
effects of a fixed ion background which is absent in cross
field vacuum electron devices. This allows us to analyze
stability properties of the self-organized EST in the abse
of an applied toroidal magnetic field. Second, the pres
eigenvalue equation must be solved subject to the o
boundary condition given in Eq.~23! rather than a closed
conducting-wall boundary condition used in the analysis
crossed-field vacuum electron devices.

In the eigenvalue equation~21!, there are two importan
resonances for the interaction between the electron flow
the perturbed wave fields, namely,

v2 lvb~r!>0, ~30!

and

nb
2~v,l ,r!5~v2 lvb!2F11

vp
2r2/c2l 2

12v2r2/c2l 2G
1~V22vb!F1

r

d

dr
~r2vb!2VG>0. ~31!

B. Numerical results

A computer code, namedCFTEST, has been developed fo
solving the eigenvalue problem defined in Eqs.~21!–~23!. In
the code, the standard shooting method is used to integ
the eigenvalue equation~21! from r5r b1 to r b2, and the
boundary conditions in Eqs.~22! and ~23!. The code has
been validated and is working correctly.

Use is made ofCFTEST to investigate the stability prop
erties of tenuous EST equilibria in the absence of any app
toroidal magnetic field. For the tenuous EST equilibriu
shown in Fig. 2 in Sec. II, the results of the stability analy
are summarized in Fig. 4. Figures 4~a! and 4~b! show, re-
spectively, the normalized real eigenfrequency Rev/vp(r b1)
and normalized imaginary eigenfrequency Imv/vp(r b1) as
a function of the poloidal mode numberl for the extraordi-
nary eigenmode perturbations. As shown in Fig. 4, for ea
poloidal mode numberl from l 51 to 6 and forl>10, there
is a stable eigenmode with a real eigenfrequency. Howe
for each poloidal mode numberl from l 57 to 9, there is a
pair of eigenmodes with complex eigenfrequencies. T
eigenmodes with positive imaginary eigenfrequencies
unstable, whereas those with negative imaginary eigen
quencies are damped. The maximum growth rate of the
stable eigenmodes is Imvmax>0.005vp(r b1), which occurs
at l 58. The real eigenfrequency increases as the polo
mode numberl increases, as expected from the resona
conditions in Eqs.~30! and ~31!.

As the electron density increases in the EST, i.e., as
parametera increases, the growth rates of the instabiliti
shown in Fig. 4 decrease relative to the plasma freque
This is illustrated in Fig. 5, in which the normalized imag
nary eigenfrequency is plotted as a function of the param
a for several unstable eigenmodes with the poloidal mo
numberl 55, 6, 7, and 8. The choice of system parameters
Fig. 5 corresponds to:V050, r b2 /r b151.01, and f 21
IP license or copyright, see http://ojps.aip.org/pop/popcr.jsp
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50.032/a. In Fig. 5, the value of the parameterf is adjusted
according to the relationf 2150.032/a, so that the normal-
ized electron poloidal flow velocity is fixed a
r b1

2 vb
2(r b1)/c253.231024 @see Eq.~7!#. It is evident in Fig.

5 that the normalized growth rate Imv/vp(r b1) decreases a
a increase. As a matter of fact, the relative maximum grow
rate of the instabilities is found to slowly decrease to zero
the parametera further increases, indicating stability for in
tense electron spiral toroids.

Use is also made ofCFTEST to investigate the stability
properties of intense EST equilibria in the absence of
applied toroidal magnetic field. All of the intense ESTs w

FIG. 4. Plots of~a! normalized real eigenfrequency Rev/vp(r b1) and ~b!
normalized imaginary eigenfrequency Imv/vp(r b1) versus the poloidal
mode numberl for a tenuous EST with the same choice of system para
eters as shown in Fig. 2.

FIG. 5. Plot of the normalized imaginary eigenfrequency Imv/vp(r b1) ver-
sus the dimensionless parametera5r b1

2 vp
2(r b1)/c2 for several values of the

poloidal mode numberl. Here, the choice of system parameters correspo
to: V050, r b2 /r b151.01, andf 2150.032/a.
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investigated are found to be stable. As a typical example,
results of the stability analysis are summarized in Fig. 6
the intense EST equilibrium shown in Fig. 3 in Sec. II. Fi
ures 6~a! and 6~b! show, respectively, the normalized re
frequency Rev/vp(r b1) and normalized imaginary fre
quency Imv/vp(r b1) as a function of the poloidal mod
numberl for the extraordinary eigenmode perturbations. T
real frequency increases as the mode numberl increases. The
imaginary parts of the eigenfrequencies are either zero
negative. Therefore, all of the eigenmodes are stable.
worthwhile noting that there are more eigenmodes in
intense case than in the tenuous case. The modes with h
frequencies correspond to higher-order radial oscillations

IV. CONCLUSIONS

We have presented a cold-fluid model for a se
organized electron spiral toroid~EST! in partial atmosphere
assuming~a! the electrons undergo energetic spiral moti
along a hollow torus with an ion background,~b! the electron
mean free path is long compared with the EST size,~c! the
electron temperature is low,~d! the ion background is as
sumed to be fixed, and~e! the minor radius of the EST is
small compared with the major radius. Using this model,
equilibrium and stability properties of the electron flow
the self-organized EST were analyzed.

In particular, the equilibrium poloidal electron flow ve
locity and equilibrium toroidal self-magnetic field were d
termined for a small-aspect ratio hollow EST. Examples
intense and tenuous EST equilibria were presented. Use

-

s

FIG. 6. Plots of~a! normalized real eigenfrequency Rev/vp(r b1) and ~b!
normalized imaginary eigenfrequency Imv/vp(r b1) versus the poloidal
mode numberl for an intense EST with the same choice of system para
eters as shown in Fig. 3.
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made of the continuity equation, the force equation, a
Maxwell’s equations to obtain a complete set of lineariz
equations governing extraordinary mode perturbations.
eigenvalue equation for extraordinary mode perturbati
was derived, and solved numerically with a computer co
It was found that a class of self-organized EST equilib
exists without an externally applied toroidal magnetic fie
It was shown that in the absence of any applied toroi
magnetic field, the EST equilibria are stable at high elect
densities~i.e., at high toroidal self-magnetic fields!, although
they are unstable at low electron densities~i.e., at low toroi-
dal self-magnetic fields!.
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APPENDIX A: LINEARIZED CONTINUITY, FORCE,
AND MAXWELL EQUATIONS

Under the extraordinary-mode perturbations given
Eqs.~17!–~20!, the conservation of electron charge is ma
tained, which is described by the continuity equation

]

]t
nb~r,f,t !1¹•@nb~r,f,t !V~r,f,t !#50. ~A1!

Linearizing Eq.~A1!, we obtain

2 ivdnb1
1

r

d

dr
~rnbdVr!1

i l

r
nbdVf1

i l

r
Vfdnb50.

~A2!

From Eq.~A2!, the density perturbationdnb is given by

dnb5
1

v2 lvb
F2

i

r

d

dr
~rnbdVr!1

l

r
nbdVfG , ~A3!

where the equilibrium electron angular flow velocityvb is
defined by

vb5vb~r!5
Vf~r!

r
, ~A4!

which is a function ofr.
The linearized force equation is given by

]

]t
dV1~Vfef•¹!dV1~dV•¹!Vfef

52
e

m
~dE1Vfef3dB1dV3Bueu!. ~A5!

Equation~A5! can be expressed in the component form

2 i ~v2 lvb!dVr22vbdVf1VdVf

52
e

m
~dEr1VfdBu!, ~A6!

2 i ~v2 lvb!dVf1F1

r

d

dr
~r2vb!2VGdVr52

e

m
dEf ,

~A7!
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where

V5V~r!5
e

m
@Bu

s~r!1B0# ~A8!

is the electron cyclotron frequency in the equilibrium toro
dal magnetic field@Bu

s(r)1B0#eu .
The perturbed electric and magnetic fieldsdE(r,f,t)

anddB(r,f,t) satisfy linearized Maxwell’s equations

¹•dE~r,f,t !52
e

e0
dnb~r,f,t !, ~A9!

¹3dE~r,f,t !1
]

]t
dB~r,f,t !50, ~A10!

¹•dB~r,f,t !50, ~A11!

¹3dB~r,f,t !2
1

c2

]

]t
dE~r,f,t !

52m0e@nb~r!dV~r,f,t !1Vf~r!efdnb~r,f,t !#.

~A12!

Note that fordB(r,f,t)5dBu(r)ei ( lf2vt)eu , Eq. ~A11! is
automatically satisfied, i.e.,

¹•dB~r,f,t !5
1

r

]

]~r 0u!
@rdBu~r!ei ( lf2vt)#50,

~A13!

where r 0 is the major EST radius, andr 0u is the displace-
ment along the toroid. It should be reminded that the u
vector eu is considered as a constant unit vector in t
present analysis. Equations~A9!, ~A10!, and ~A12! can be
expressed in the component form

1

r

d

dr
~rdEr!1

i l

r
dEf52

e

e0
dnb , ~A14!

1

r

d

dr
~rdEf!2

i l

r
dEr5 ivdBu , ~A15!

i l

r
dBu1

iv

c2 dEr52m0enbdVr , ~A16!

2
d

dr
dBu1

iv

c2 dEf52m0e~nbdVf1Vfdnb!. ~A17!

While there are four equations~A14!–~A17! for three field
variablesdEr , dEf , and dBu , we work with Eqs.~A15!
and ~A16! to obtain

dEr52
1

12v2r2/c2l 2 F d

dr
dF1

ivr2

c2l 2 S e

e0
DnbdVrG

~A18!

and

dBu5
1

12v2r2/c2l 2 Fvr

c2l

d

dr
dF1

ir

c2l S e

e0
DnbdVrG ,

~A19!

where dF(r) is defined in Eq. ~24!. Note that when
uvr/clu!1, we have approximately
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dEr>2
d

dr
dF, dEf>2

i l

r
dF, dBu>0, ~A20!

corresponding toelectrostaticperturbations.
To summarize briefly, Eqs.~24!, ~A3!, ~A6!, ~A7!,

~A18!, and~A19! relate the perturbed quantitiesdnb , dVr ,
dVu , dEr , dEf , and dBu . These equations together wit
Poisson’s equation~A14! will be used in Appendix B to de-
rive an eigenvalue equation involving onlydF(r)
5( ir/ l )dEf(r).

APPENDIX B: DERIVATION OF THE EIGENVALUE
EQUATION

The extraordinary-mode eigenvalue equation is deri
in three major steps. As a first step, we eliminate the den
perturbationdnb in Eq. ~A14! by substituting Eqs.~A3! and
~A18! into Poisson’s equation~A14!. This readily gives

1

r

d

dr S r

12v2r2/c2l 2

ddF

dr D2
l 2

r2 dF

5
e

e0
H 2

i

v2 lvb

1

r

d

dr
~rnbdVr!

2
1

r

d

dr F ivr2/c2l 2

12v2r2/c2l 2 ~rnbdVr!G1
l /r

v2 lvb
nbdVfJ .

~B1!

It is evident in Eq.~B1! that the field perturbationdF is
driven self-consistently by the electron density perturbat
which is now expressed in terms of the velocity perturbatio
dVr anddVf .

As a second step, we express the velocity perturbat
dVr anddVf in terms of the field perturbationdF using the
linearized force equations~A6! and~A7! and linearized Max-
well’s equations~24!, ~A18!, and~A19!. Indeed, substituting
Eqs. ~A18! and ~A19! into Eq. ~A6!, some straightforward
algebra yields

~v2 lvb!F11
vp

2r2/c2l 2

12v2r2/c2l 2GdVr1 i ~V22vb!dVf

5
ie

m

12vVfr/c2l

12v2r2/c2l 2

ddF

dr
, ~B2!

and substituting Eq.~24! into Eq. ~A7! yields

i F1

r

d

dr
~r2vb!2VGdVr1~v2 lvb!dVf52

e

m

l

r
dF.

~B3!

Solving Eqs.~B2! and ~B3! for dVr anddVf , we find that

dVr5
ie

mnb
2 F ~V22vb!

l

r
dF

1~v2 lvb!
12vVfr/c2l

12v2r2/c2l 2

ddF

dr G , ~B4!
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dVf5
e

mnb
2 H 12vVfr/c2l

12v2r2/c2l 2 F1

r

d

dr
~r2vb!2VG ddF

dr

2~v2 lvb!F11
vp

2r2/c2l 2

12v2r2/c2l 2G l

r
dFJ , ~B5!

where the quantitynb
25nb

2(v,l ,r) is defined in Eq.~27!.
As a third step, we substitute Eqs.~B4! and~B5! into Eq.

~B1! to obtain the eigenvalue equation

1

r

d

dr H r

12v2r2/c2l 2 @11xr~v,l ,r!#
ddF

dr J
2

l 2

r2 @11xf~v,l ,r!#dF50, ~B6!

where l 561,62,•••, vp(r)5@e2nb(r)/e0m#1/2 is the ~lo-
cal! electron plasma frequency, and the susceptibility fu
tions xr(v,l ,r) andxf(v,l ,r) are defined in Eqs.~25! and
~26!, respectively.

Equation ~B6! must be solved subject to appropria
boundary conditions. For an EST in open space~e.g., in air!,
the boundary conditions are

dF~r50!50 and dF~r5`!}r1/2. ~B7!

Consistent with the boundary conditions in Eq.~B7!, the
boundary conditions atr5r b1 and r b2 will be derived in
Appendix D after a brief discussion of the solutions to E
~B6! in the vacuum regions in Appendix C.

APPENDIX C: SOLUTIONS IN THE VACUUM
REGIONS

We solve the eigenvalue equation~B6! in the vacuum
regions with r,r b1 and with r.r b2, where nb(r)
5dnb(r)5dVf(r)5dVr(r)50. Forr,r b1 or r.r b2, Eq.
~B6! can expressed as

1

r

d

dr S r

12v2r2/c2l 2

ddF

dr D2
l 2

r2 dF50. ~C1!

To solve Eq. ~C1! for dF, we return to and setnb(r)
5dnb(r)5dVf(r)5dVr(r)50 in Eqs. ~A14!–~A17!. We
have from Eq.~A14!,

dEf52
1

i l

d

dr
~rdEr!, ~C2!

and from Eq.~A16!,

dBu52
vr

lc2 dEr . ~C3!

Substituting Eqs.~C2! and ~C3! into Eq. ~A15! yields
Bessel’s equation

1

r

d

dr Fr d

dr
~rdEr!G1S v2

c2 2
l 2

r2D ~rdEr!50 ~C4!

for the variablerdEr .
General solutions to Eq.~C4! are

rdEr~r!5CJl~vr/c!1DYl~vr/c!, ~C5!
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whereJl(x) andYl(x) are the first- and second-kind Bess
functions of orderl, andC andD are constants to be dete
mined by the boundary conditions given in Eq.~B7! together
with solutions to Eq.~B6! within the EST electron laye
(r b1,r,r b2). Substituting Eqs.~C2! and~C3! into Eq.~24!,
we obtain general solutions to the eigenvalue equation in
vacuum regions outside the EST electron layer withr,r b1

and withr.r b2,

dF~r!52
vr

l 2c
@CJl8~vr/c!1DYl8~vr/c!#, ~C6!

whereJl8(x)5dJl(x)/dx andYl8(x)5dYl(x)/dx.
We now find special solutions for an EST in open spa

by taking into account the boundary conditions given in E
~B7!. In the inner vacuum region with 0<r,r b1 , D50,
because all of the field perturbations must be finite atr50.
Therefore, for 0<r,r b1, the eigenfunctiondF(r) can be
expressed as

dF~r!52
vr

l 2c
C,Jl8~vr/c!. ~C7!

Here, C, is a constant to be determined by the bound
conditions atr5r b1. In the outer vacuum region withr
.r b2 , D5 iC, because the perturbed fields form an o
going wave. Therefore, forr.r b2, the eigenfunctiondF(r)
can be expressed as

dF~r!52
vr

l 2c
C.Hl8~vr/c!, ~C8!

whereHl(x) is the first-kind Hankel function of orderl de-
fined by Hl(x)5Jl(x)1 iYl(x), andC. is a constant to be
determined by the boundary conditions atr5r b2.

APPENDIX D: DERIVATION OF BOUNDARY
CONDITIONS

To solve the eigenvalue equation~B6! numerically in the
electron layer fromr5r b1 to r b2, we must set the boundar
conditions at the inner and outer surfaces of an EST.
present purposes, we introduce the admittance defined in
~28!, which is the ratio between the radial Poynting flow p
unit length in theu-direction and the square of the~effective!
voltage associated withdEf . Since bothdEf(r) and the
radial Poynting flux are continuous, it follows that the adm
tanceG is continuousat r5r b1 andr5r b2.

For an EST in open space~e.g., in air!, the boundary
conditions can be derived with the aid of the special so
tions obtained in Appendix C and the continuity of the a
mittance at the EST surfaces. Substituting Eq.~C7! into Eq.
~28!, and settingr5r b120, we obtain

G* ~r5r b120!5
i

2pr b1c

Jl~vr b1 /c!

Jl8~vr b1 /c!
. ~D1!

Similarly, substituting Eq.~C8! into Eq. ~28!, and settingr
5r b210, we obtain
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G* ~r5r b210!5
i

2pr b2c

Hl~vr b2 /c!

Hl8~vr b2 /c!
. ~D2!

Evidently, one of the advantages of introducing the adm
tanceG is that the coefficientsC, and C. do not appear
explicitly in Eqs.~D1! and ~D2!.

Inside the EST electron layer, an analytical express
for the admittanceG can be obtained by substituting Eq
~24!, ~A20!, and ~B4! into Eq. ~28!. This gives~for r b1<r
<r b2)

G* ~r!5S i

2p l D 1

12v2r2/c2l 2 H 2
vp

2

nb
2 S 1

c2l D
3~V22vb!1Fvr

c2l
2

vp
2

nb
2 S r

c2l 2D
3~v2 lvb!

12vvbr2/c2l

12v2r2/c2l 2 G 1

dF

ddF

dr J . ~D3!

SinceG* (r) is continuous atr5r b1 andr b2, we obtain the
following boundary conditions:

G* ~r5r b1!5
i

2pr b1c

Jl~vr b1 /c!

Jl8~vr b1 /c!
, ~D4!

and

G* ~r5r b2!5
i

2pr b2c

Hl~vr b2 /c!

Hl8~vr b2 /c!
, ~D5!

where G* (r) is defined in Eq.~29! for r b1,r,r b2. This
concludes the derivation of the boundary conditions in E
~22! and ~23!.
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